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Abstract 

We determine the form of all timelike supersymmetric solutions of all N > 2, d = 4 
ungauged supergravities, for N < 4 coupled to vector supermultiplets, using the Usp(n, n)- 
symmetric formulation of Andrianopoli, D'Auria and Ferrara and the spinor-bilinears method, 
while preserving the global symmetries of the theories all the way. 

As previously conjectured in the literature, the supersymmetric solutions are always 
associated to a truncation to an N = 2 theory that may include hypermultiplets, although 
fields which are eliminated in the truncations can have non-trivial values, as is required by 
the preservation of the global symmetry of the theories. 

The solutions are determined by a number of independent functions, harmonic in trans- 
verse space, which is twice the number of vector fields of the theory (n). The transverse 
space is flat if an only if the would-be hyperscalars of the associated N = 2 truncation are 
trivial. 



E-mail: meessenpatrick@uniovi . es 
2 E-mail: Tomas.Ortin@cern.ch 
3 E-mail: Silvia.Vaula@uam.es 



Contents 

1 Introduction 

2 Generic description of N > 2, d = 4 Supergravities H 

3 Generic iV > 2, d = 4 Killing Spinor Equations and Identities 12 

3.1 Timelike case LL3 

4 N > 2,d = 4 Killing Spinor Equations for the bilinears 17 

4.1 First consequences 18 

4.2 Timelike case \19 

5 Solving the KSEs [24 

6 Equations of motion 27 

6.1 Checking the KSIs E 

7 Conclusions |33 
A Generic scalar manifolds |34 
B Generic N > 2, d = 4 multiplets S 
C Gamma matrices and spinors |39 
D Fierz identities for bilinears |40 
E Connection and curvature of the conforma-stationary metric |44 



2 



1 Introduction 



The supersymmetric solutions of supergravity theories describing vacua, black holes or topolog- 
ical defects, play a fundamental role in the progress of superstring theory and related areas of 
research. It is, therefore, very important to find and study as many supersymmetric solutions as 
possible, a goal to which a huge effort has been devoted in the last few years. 

In his pioneering work [1], Tod showed that it was possible to systematically find all the 
supersymmetric configurations and solutions of a given supergravity theory (pure N = 2, d = 4 
in the case he considered, following the lead of Ref. ED) by exploiting the consistency and inte- 
grability conditions of the Killing spinor equations. He found that the supersymmetric solutions 
of pure N — 2, d — 4 supergravity fall in two classes: timelike and null. By all the super- 
symmetric configurations we mean all the field configurations that admit at least one Killing 
spinor, or equivalently one supercharge out of the AN possible ones. The timelike supersym- 
metric solutions are generalizations of the Perjes-Israel-Wilson [3] stationary solutions of the 
Einstein-Maxwell system which themselves generalize the static solutions found by Papapetrou 
and Majumdar [|4l. The solutions in the null class are examples of Brinkmann waves [0. Tod's 
feat opened up the possibility of finding all the supersymmetric solutions of all the supergravity 
theories. 

Tod Q3IH used the Newman-Penrose formalism to find the supersymmetric solutions of the 4- 
dimensional pure N = 2 and 4 supergravity theories, so that new techniques had to be developed 
in order to tackle higher-dimensional cases. In Ref. Q Gauntlett et al. proposed to work with 
the spinor bilinears that can be constructed out of the Killing spinors. These tensors satisfy 
a number of algebraic and differential equations that follow from the Fierz identities and the 
original Killing spinor equations that their constituents satisfy and which capture enough (if not 
all the) information contained in them. The consistency and integrability conditions of these new 
equations then determine the supersymmetric configurations of the theory. In this way, in Ref. [7 1 
all the supersymmetric solutions of minimal supergravity in d = 5 dimensions were determined. 
These results were immediately extended to the Abelian gauged case [8J and later on to general 
matter contents and couplings flU (always in the minimal N = 2 supergravity). The spinor- 
bilinear method was subsequently applied to other 4-dimensional [fT0l - [|211 . 6-dimensional ll22Tl . 
7-dimensional 11231 . 1 1 -dimensional [241 and, recently, to 3-dimensional [25] supergravities. 

In this approach (which will be used in this article) the form of all the field configurations 
admitting at least one Killing spinor can be determined but (unless further work is done) no 
classification of the supersymmetric configurations by the number of independent Killing spinors 
they admit is done. A different (but fundamentally equivalent) approach based on spinorial 
geometry was developed in Refs. Il26ll . It has advantages over the spinor-bilinear approach: 
using it, an exhaustive classification of the configurations with different numbers of unbroken 
supersymmetries can be achieved, also in higher dimensional theories where the application of 
the bilinear approach becomes unwieldy, by choosing convenient bases for the spinors. 

Yet another approach, more adequate for finding supersymmetric solutions with special ge- 
ometries or properties, exploits the fact that a Killing spinor defines a "G structure" [171 124112711 . 
Finally, another approach used to find the timelike supersymmetric solutions of 4-dimensional 
theories, and applied in particular to black holes, exploits the symmetries of the dimensionally- 
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reduced theories which become a non-linear a-model coupled to 3-dimensional gravity ll28Tl . 
The main difficulty of this powerful approach resides in the reconstruction of the 4-dimensional 
solutions from the 3-dimensional ones. 

The spinor-bilinear method that we are going to use is, we think, more adequate to find large 
classes of solutions preserving (as a class) the global symmetries of the theory: using it, it has 
been possible to find the general form of the (pure, ungauged) iV = 4, d = 4 supergravity black 
holes (6l[l2l written in an SO(6)-covariant form although some of them (which are singular), 
characterized by particular choices of the charges, preserve 1/2 of the supersymmetries instead 
of the generic 1/4 E9l 

The spinor-bilinear method, however, becomes difficult to use for N > 2. For instance, in the 
timelike N = 2 case with one Killing spinor e 1 (I = 1,2) one can construct precisely four vector 
bilinears^ V 1 j M = ie Ir y^ej which can be used as a tetrad to construct the spacetime metric. For 
N > 2 we have too many vector bilinears and choosing four of them as a tetrad while preserving 
the U(iV) invariance of the procedure seems impossible. There are several manifestations of the 
same problem in the whole procedure. 

Another problem, one that is common to all approaches, is the necessity of treating different 
values of iV separately due to the different field content and symmetries of each theory. 

In this paper we are going to use the spinor-bilinear method to determine the general form 
of all the timelike supersymmetric solutions of all the N > 2, d = 4 ungauged supergravities 
coupled to matter vector multiplets (when these supermultiplets are available). As we will show, 
the main difficulties of the spinor-method problem can be solved at least to the extent that the 
solution allows us to determine the general form of all the timelike supersymmetric solutions. 
This has required a deeper study of the algebra of spinor bilinears than has been made in the 
literature hitherto and which has allowed us to find a way to define an SU(2) subgroup without 
explicitly breaking the U(iV) R-symmetry of the equations. Furthermore, we are going to use the 
iV-independent "supergravity tensor calculus" introduced in Ref. Il30l . which allows the simul- 
taneous study of all the N > 2, d = A ungauged supergravities just as one can work with tensors 
constructed over vector spaces of undetermined number of dimensions and obtain results valid 
for any d. 

We have found that each timelike supersymmetric solutions is closely related to a truncation 
to an N = 2 theory determined by a U(2) subgroup of the U(iV) R-symmetry groups It has to 
be emphasized that this does not mean that each of them is just a solution of an iV = 2 truncation 
since, for instance, all the vector fields are generically non-vanishing and some of them would 
be eliminated by a generic truncation to iV = 2. However most (if not all) of them may be 
generated by duality relations from a solution of the associated N = 2 truncation. This process 
can be rather cumbersome but, in any case, our results render it unnecessary. 

The construction of any timelike supersymmetric solution proceeds along the following steps: 

1. We have to choose the U(2) subgroup which determines the associated N = 2 truncation: 
4 See Appendix iDl 

5 For supersymmetric black holes, this fact was conjectured in Ref. ifTfl and earlier in Ref. Il32l and recently 
proven in the next to last of Refs. [28 1. 
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(a) Choose an x-dependent, rank-2, NxN complex antisymmetric matrix Mjj satisfying 
Mj[jM KL ] — (x stands for the 3 spatial coordinates). With it we can construct 

J I j = 2\M\- 2 M IK M JK} \M\ 2 = M PQ M PQ , 

which is a Hermitean projection operator whose trace is +2: J projects onto the 
above-mentioned U(2) subgroup. 
J must be covariantly constant 

DJ = dJ - [J, Q] = , 

in all cases. In practice, the imposition of this requirement may be postponed to the 
last stages of the construction of the supersymmetric solutions. 
Parametrizing the most general matrix Mjj that satisfies these requirements gives a 
parametrization of the most general timelike supersymmetric solutions. 

(b) Given Mjj and hence the covariantly-constant J 1 j, we have to find three Her- 
mitean, traceless, x-dependent NxN matrices (<r m ) / j (m = 1, 2, 3), satisfying 
the same properties as the Pauli matrices in the subspace preserved by J as derived 
in App. dD]), to wit 

a m a n = S mnj + i£ mnp a p ^ 

j k jJ l i = lJ K iJ L j + U° m ) K i(° m ) L j> 

M K[I {a m ) K A = 0, 

2\M\- 2 M LI (a m YjM JK = (a m ) K L - 
It turns out that we also have to impose the constraint 

Jda m J = , 

6 Naively one may think that it is aiways possible to choose a basis in V(N) space such that, for instance, 
M12 = — M21 = +1 and the rest of the components vanish, whence J is the identity in the corresponding 2- 
dimensional subspace. However, the necessary change of basis involves an, a priori, arbitrary local U(7V) rotation 
and the theory is not really V(N) gauge-invariant even if some fields undergo field-dependent compensating U(iV) 
transformations when one performs a global symmetry transformation and there is a U(iV) gauge connection which 
is a composite field. 

This problem was first observed by Tod in his study of the N = 4 theory O and, being unable to prove it, he 
conjectured that this rotation was always possible. 

We have not been able to prove this hypothesis in general either. We have proven that covariant constancy is 
required, though, which implies in the pure N = 4 case studied by Tod (il 1 j ~ S 1 j) as well as in the pure N = 3 
theory (£1 = 0) that J has to be constant. 
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implying that the a-matrices are constant in the subspace preserved by the projector 

The four matrices {J, a m } provide a basis for the U(2) subgroup of the associated N = 2 
truncation and can be seen as generators of its R-symmetry group. 

Defining the complementary projector J = IjvxJV — J it is possible to separate the scalars 
into those corresponding to the would-be vector multiplets and hypermultiplets of the as- 
sociated N = 2 truncation. Thus, from the scalars in the generic supergravity multiplet, 
described by the (pullback of the) Vielbein Pijkl ^ = P\ijkl] h an d from the scalars in the 
generic matter multiplet, described by Puj ^ = Piuj]^, those in the vector multiplets are 
described by 



Pijkl J 1 [mJ J nJ K pJ L q\ an d P%u J 1 \kJ J l\, 
and those in the hypermultiplets are described by 



Pijkl J 1 [mJ J nJ K pJ L q\ and Puj J 1 [kJ J l\ ■ 

The discrimination between these two kinds of scalars is, however, important: those cor- 
responding to the vector multiplets are sourced by the electric and magnetic charges and 
enter into the attractor mechanism while those corresponding to the hypermultiplets are 
not and should be frozen in supersymmetric black- hole solutions. 

2. Once the choice of U(2) subgroup is made, the solutions are constructed by the following 
procedure!! 

(a) Using the symplectic functions of the scalars Vjj (IA.5I) . which generalize the canon- 
ical symplectic section V of the N = 2 theories (331, we define the real symplectic 
vectors 1Z and X by 



TZ + iX= \M\- 2 V U M IJ , 

which are U(iV) singlets. No particular U(iV) gauge-fixing is necessary to construct 
the solutions. 

(b) For the supersymmetric solutions, the components of the symplectic vector X are real 
functions satisfying the Laplace equation in the 3-dimensional transverse space with 
metric j mn , to be described later. This is the only differential equation that needs to 
be solved. 

(c) 1Z can in principle be found from X by solving the generalization of the so-called 
stabilization equations. 

7 This is automatically satisfied for the projector itself JdJJ = 0. 

8 This procedure is completely analogous to the procedure used to build supersymmetric solutions in ungauged 
N = 2 theories coupled to vector multiplets and hypermultiplets described in Ref. |[T4ll 
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(d) The metric of the solutions has the form 

ds 2 = \M\ 2 {dt + u) 2 - \M\- 2 lim dx m dx n . 

where 

\m\- 2 = (n\z), 

{du) mn = 2e mnp (l | d p l) , 
so they can be computed directly from 1Z and X. 

The 3-dimensional transverse metric 7 mw is determined indirectly by the would-be 
hypers; in particular, when those scalars are frozen the metric is flat. The full con- 
dition that the 3-dimensional metric has to satisfy is that its spin-connection must be 
related to (the pullback of) the connection of the scalar manifold, Vt in (IA.9I ), by 

w mn = i£ mnp TT _ 

Observe that only the su(2) part of Q contributes to £u mr f]. 

(e) The vector field strengths are given by 

F = -\d{KV) - \ ★ (V A dl) , V = V2\M\ 2 (dt + uj) . 

(f) The scalars corresponding to the vector multiplets in the associated N = 2 truncation, 
represented by the projected Vielbeine 

Pijkl J 1 [mJ J nJ K pJ L q] and Puj J 1 [kJ J L\ , 

can in principle be found from 1Z and X. The Killing Spinor Identities guarantee that 
the equations of motion of these scalars are satisfied if the Maxwell equations and 
Bianchi identities are satisfied^, which is the case when the components of X are 
harmonic functions on the transverse space. 

(g) The scalars corresponding to the hypers, described by the Vielbeine 

Pijkl J 1 [mJ J nJ K pJ L q] and Puj J 1 [kJ J L\ , 

must be found independently by solving the supersymmetry constraints 

9 It plays the same role as the su(2) connection of the hyper-Kahler manifold in Ref. [14 and the condition on the 
metric is identical to the one found in the N = 2 case although in that case the 2x2 matrices a m are the standard, 
constant, Pauli matrices 

"'Actually, the only independent equations of motion that need to be solved are the th components of the 
Maxwell equations and Bianchi identities. Some of the other equations are just automatically satisfied for su- 
persymmetric configurations and the rest is proportional to those th components. 
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PlJKLmJ I [MJ J NJ K pJ L Q}{<y m ) Q R — 0, 
PilJm J 1 \kJ 3 L\[p m ) L M = 0. 

The Killing Spinor Identities guarantee that their equations of motion are automati- 
cally solveco 

In the rest of this paper we are going to prove in full detail the above result. We are going 
to start by giving the generic description of all the N > 2, d = 4 supergravities with vector 
multiplets (where available) in Section [21 In Section [3] we are going to present the Killing spinor 
equations for all these theories and we are going to find the Killing Spinor Identities that constrain 
the off-shell equations of motion of the bosonic fields for supersymmetric field configurations. 



2 Generic description of N > 2, d = 4 Supergravities 

We are going to study all the N > 2, d = 4 supergravities coupled to vector multiplets simul- 
taneously, using the fact that all the supergravity multiplets and all the vector multiplets for all 
N = 1, • • • , 8 can be written in the same generic form OUll : we only need to take into account 
the range of values taken by the U(iV) R-symmetry indices, denoted by uppercase Latin letters 
/ etc. taking on values 1, ■ • • , N, in each particular cas 
The generic supergravity multiplet in four dimensions is 

{e%, A IJ ^, Xl jK, X UKLM , Pijkl,} , I, J, ■ ■ ■ = 1, • • - , N , (2.1) 
and the generic vector multiplets (labeled by i — 1, • • • , n) are 

{Ayuj Ajj, \/ JK , Pujfj,} ■ (2.2) 

The spinor fields ipj ^, Xijk, x ijklm , Ki, K IJK have positive chirality with the given positions 
oftheSU(iV) indices. 

The scalars of these theories are encoded into the 2n-dimensional (n = n + JV ^~ 1 ^ ) sym- 
plectic vectors (A = 1, . . . n) Vu and Vi whose properties are reviewed in Appendix |Al They 
appear in the bosonic sector of the theory via the pullbacks of the Vielbeine Pijkl^ (supergrav- 
ity multiplet) and Puj ^ (matter multipletsjll. There are three instances of theories for which the 

"This situation is completely analogous to what happens with the hyperscalars of N = 2 theories [14| 
12 This formalism is taken from Ref. [ 30 1, but adapted to the notations of Ref. [ 12|. Furthermore, throughout this 
paper we use the convention that the only fields and terms that should be considered are those whose number of 
antisymmetric SU(A r ) indices is correct, i.e. objects with more than N antisymmetric indices are zero and terms 
with Levi-Civita symbols e Ix "' lM should only be considered when M equals the N of the supergravity theory under 
consideration. There are also constraints on the generic fields for specific values of N that we are going to review. 

13 The Vielbeine Pfj M either vanish identically or depend on Pijkl/j, and Puj M , depending on the specific value 
of N. Thus, they are not needed as independent variables to construct the theories. 
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scalar Vielbeine are constrained: first, when N = 4 the matter scalar Vielbeine are constrained 
by the SU(4) complex self-duality relatior0 

N = 4:: P* iIJ = \e IJKL P iKL . (2.3) 

Secondly, in N = 6 the scalars in the supergravity multiplet are represented by one Vielbein 
Pu and one Vielbein Purl related by the SU(6) duality relation 

N = 6:: P* IJ = ±e IJK " ~ K * P Ki ... Ka , (2.4) 

and lastly the N = 8 case, in which the Vielbeine is constrained by the SU(8) complex self- 
duality relation 

N = 8 :: p* 1 ^ = I^v-IaJv-J* p^ ^ _ (2 .5) 

These constraints must be taken into account in the action. 

The graviphotons A IJ ^ do not appear directly in the theory, rather they only appear through 
the "dressed" vectors, which are defined by 

A\ = \ / A ,jA /J „ + f\A\ . (2.6) 
The action for the bosonic fields is 

S = Z(iS v ^[i? + 23mA^ s F A ^F s ^-2KeA^ s F A ^*F s ^ 

J (2.7) 

+ la 1 P* IJKL t ,P IJKL » + a 2 P* u \P iL f] , 

where A/as is the generalization of the N = 2 period matrix, defined in Eq. (1A. lit) , and where 
the parameters cti, a 2 are equal to 1 in all cases except for N = 4, 6 and 8 as one needs to take 
into account the above constraints on the Vielbeine: a 2 = 1/2 for N = 4, a\ + a 2 = 1 for 
N = 6 (the simplest choice being a 2 = 0) and a\ = 1/2 for N = 8. The action is good enough 
to compute the Einstein and Maxwell equations, but not the scalars' equations of motion in the 
cases in which the scalar Vielbeine are constrained: these constraints have to be properly dealt 
with and the resulting equations of motion are given below. 

The supersymmetry transformations of the bosonic fields can be written in the form 

14 In order to highlight the fact that an equation holds for a specific N only, we write a numerical variation of the 
token "iV = 4 ::" to the left of the equation. 
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(2.8) 



-\{f\jX IJK l,e K + r MJ XUKl,e K ) , (2.9) 
(U- l 5 e U) IJKL = A X[ ijKe L ] + XiJKLMe M , (2.10) 

{U-H € U) UJ = 2X t[I ej ] + fX tIJK e K , (2.11) 

where [/ is the Usp(n, n) matrix describing the scalars, defined in Eq. (IA.2I) . Those of the 
fermionic fields can be put in the form 

Srfm = D^ + T.j+^e- 7 , (2.12) 

SeXUK = "f T[U + tK]+l FlJKL€ L , (2.13) 

S e \i = -f ft+ej + z A/je J , (2-14) 

jZlJKLMNOP r^V, (2.15) 

5e\iIJK = — 3i Pi[Ij€K] + \tlJKL Ti 6 + \ e IJKLMN € N , (2.16) 

where we have defined the graviphoton and matter vector field strengths 

T,j V = 2 *f A u Sm-Mvs ^ V > T * V = ^/ A 4 3mA/- AS F S V , (2.17) 

and where 

3V/ = V„ej - ejQ/j , (2.18) 

being the pullback of the connection on the scalar manifold, defined in Appendix lAl 
We stress that, according to our conventions, the terms with e-symbols should only be con- 
sidered when the value of iV equals its rank. Furthermore, when N = 4, 6 or 8 Eqs. (12.151) and 
(12.161) depend on the first three supersymmetry rules, whereas for N = 2 they are equations 
for non-existing fields: therefore, Eqs. (12.151) and (|2.16l) only need to be considered in the cases 
N = 3 and 5, and then only the first term on the l.h.s. is non-vanishing. 

For convenience, we denote the Bianchi identities for the vector field strengths by 
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B A " = V v *F Kvtl . (2.19) 
and the bosonic equations of motion by 

en / X Q \ ^ ^ c q 

£ P- = 1 0D cIJKL = 1 { TJ\ 1 p*IJKLA 0D 

a ~ 2^| ° ~ y ' 2v ^j 

£ a m = i _^L, s UJ = — i^(—u\ U = 1 p«"^i^ 



\g\6A\' 2y/\g\\6U J ' 2y/\g\ 5<p A1 

(2.20) 

where P* IJKL A and P* %IJ A are the inverse Vielbeine and <p A are the physical fields of the theory. 
The explicit forms of the Einstein and Maxwell equations are 



£fiv — Gfw + J2 a l [P* UKL (p\PlJKL \u) ~ \QiiuP* ' pPl.JKL P ~\ 

+a 2 P* UJ 'mPuj ,„) - \g^P* UJ p Pu/ + 8SmAT AS F A+ /F s -, p , (2.21) 

^ = V^F A ^, (2.22) 
where we have defined the dual vector field strength Fa by 

F Aflu = - * *f = 2Ke(Ar AE F s+ ) = KeA/^FV + 3mAT AS * F s ^ . (2.23) 

Using Eqs. (IA.29I ) and (IA.30I) and taking into account the constraints satisfied by the Viel- 
beine in the cases N = 4, 6 and 8, we find that the scalar equations of motion take the following 
forms, slightly different for each value of N: 

N = 2:: 

£ UJ = ^p*UJ^ + 2T i - fny T IJ -^ + P* iIJA P* jk A T j + llv T k +pv . (2.24) 

N = 3:: 

£ UJ = ^p*iu^ + 2T i ~ llv T IJ -> lv . (2.25) 

N = 4:: 

£ IJKL = QpptHKL^ + dT [IJ\-^ T \KL]-nv + p* I J KL A p*ij ^ ^ + „ v ^ ^ 

£iU = QvptilJ +T i- T IJ-^u + l £ IJKL Ti+ (2 _ 27) 
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N= 5:: 

gUKL = ^p* IJKL^ + Q T [IJ\-^ T \KL]-^ _ (2 28) 

N = 6:: 

£ IJKL = ^ptlJKL^ + 6T [IJ\-^ T \KL]-»v + £ IJKLMN t +^ Tmn +^ _ (2 29) 

AT = 8:: 

£ IJKL = ^ptlJKL^ + 6T IIJ\-^ T \KL]-^ + 1 £ IJKLMNPQ Tmn+ ^ Tpq+ »u q 3Q) 

3 Generic AT > 2, c? = 4 Killing Spinor Equations and Identi- 
ties 

The Killing spinor equations are 

3 |1 f/ + T /J + ^"e J = 0, (3.1) 

PuKLt L - | T[U + tK] = , (3.2) 

five 3 = 0, (3.3) 

N = 5 :: J\uKLtM\ = 0, (3.4) 

iV = 3 :: ^[jje*] = 0, (3.5) 

where, as indicated by the notation, the last two KSEs should only be considered for iV = 5 and 
N = 3, respectively. 

From the bosonic supersymmetry transformation rules we immediately find using the algo- 
rithm ofRefs. 113411351 

£/ 7 V-4i^r A/J e J = 0, (3.6) 

Wr K[IJ l^-±£ IJKL e L = 0, (3.7) 

£aT A V -& iU ej = 0, (3.8) 

N = 5 :: £ [UKL e M\ = Q ^ (3 9) 

N = 3 :: £ i[IJ ^ = 0. (3.10) 
12 



In these equations it is implicitly assumed that the Bianchi identities are satisfied, i.e. B ^ = 
0. It is, however, convenient not to make use of this assumption as to preserve the manifest 
electric-magnetic duality of the formalism. We can, and will, introduce the Bianchi identities 
into these equations by the replacement 

W A — ► (£\V), (3.11) 

where £ is the symplectic vector containing the Maxwell equations and Bianchi identities. 

We can start to derive consequences from these identities in terms of the spinor bilinears 
defined and studied in Appendix |D] and in this paper we will only study the case in which the 
vector bilinear, V a = ie J 7 a ej, is timelike (V 2 = V a V a = 2\M\ 2 > 0). 

3.1 Timelike case 

It is convenient to work with flat indices and use a Vierbein basis in which e 1 
Acting with iej and e K Y on the first KSI Eq. (13.61) we get, 



= ±\M\- 1 V IM dx». 



V% a +A(£ a | V* IJ )M U = 0, (3.12) 

£ c a (g cb M KI + $ KIcb ) + A(£ a \ V* JI )V K j b = 0, (3.13) 
respectively. Multiplying the second identity with M KI we obtain 

\M\ 2 £ ab + 2(£ a | V* IJ )M u V b = 0. (3.14) 
The symmetry and reality of the Einstein equation imply, firstly 

£ 0m = £ mn = , (3.15) 

so all components of the Einstein equations but £ 00 are automatically and identically satisfied^; 
secondly^ 

£ 00 = -2V2\M\(£° \K), (3.16) 
where we have defined the U(N) -neutral real symplectic vectors 1Z and X by 

\M\- 2 M IJ Vu = V = Tl + il, (3.17) 

whence the remaining component of the Einstein equations is satisfied if the th component of 
the Maxwell equations and Bianchi identities are satisfied. Thirdly and finally 

15 As explained in Ref. [36 1 this poses strong constraints on the sources of the solutions because having super- 
symmetry unbroken everywhere implies that the KSIs should be identically (i.e. not up to J-function terms) satisfied 
everywhere. 

16 The imaginary part of the equation (£° \ I) = is related to the absence of sources of NUT charge in globally 
supersymmetric solutions [36|. 
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(£ m \K) = 0, (3.18) 

{S a \l} = 0. (3.19) 
Acting with iti and e Lr y u on Eq. (13.71) . which is only to be considered for iV > 3, we obtain 

{S a lV *iIJ )v K] La _l_ s IJKM MML = 0> (32()) 
( g a\y,lIJ^_tf aM K\L + QK\Lbj_l g IJKM V Lb M = Q (3 21) 

Multiplying Eq. (13.201) by 2M NL \M\~ 2 and antisymmetrizing the four free indices we get 

(£ a I V* [7J )^ - ^\£ M[IJK J L] m = 0. (3.22) 

Setting K = L in Eq. (13.201) . using the antisymmetric part of Eq. (13.131) and taking into account 
Eq. (13.161) . we get 

|V*"} = 0, (3.23) 

and 

£ IJKM M KM = -2V2\M\{S IJ KL - \M\- 2 M IJ M KL )(£° \V* KL ) . (3.24) 
This implies that the projections 

£ MNPQjV M jJ N jK p jL] Q} ( 3. 25 ) 

which should be understood as the equations of motion of the scalars that would correspond to the 
vector multiplets scalars in the associated N = 2 truncations, are satisfied if the th component 
of the Maxwell equations and Bianchi identities are. From Eq. (13.221) we can derive 

g MNPQ jV u jJ N jK p jL) Q = , (3.26) 

whence the projections that would correspond to the hypers are automatically satisfied. 
From Eq. (13.81) we get 

(£ a | V") + ^ a r /J ^ = 0, (3.27) 

(£ a | V**)M KI -\8*W J VWj a = 0. (3.28) 
The first of these equations states first of all that 



14 



(£ m \V*' l ) = 0, (3.29) 
which, combined with Eqs. (13.231) implies by means of the completeness relation Eq. (1A. 141) that 

£ m = . (3.30) 

Therefore, the only component of the Maxwell equations and Bianchi identities that are not 
automatically satisfied due to supersymmetry, are £°; secondly, for the projections onto equations 
of motion of scalars in N = 2 vector multiplets 

A/fU 

Z^J'kJ'l = -2^2— -(£ a \V* 1 ). (3.31) 
Contracting the second of these equations with V a |M| -2 we get 

{£a 1 v * l) w\ ~ ^ sa ° £ J k = °' (3 - 32) 

from which we get for the projections onto equations of motion of scalars in iV = 2 hypermulti- 
plets 

£ iKL J I [kJ j l ] =0. (3.33) 

For the special cases N = 5 and 3 we can define the SU(iV) duals of the scalar equations of 
motion: 

&i = \\ e ijklm£ JKLM , £ % i = \zijk£- iJK i (3.34) 
and we can rewrite Eqs. (13.91) and (13.101) in a more useful form: 

SiJ'j = 0, (3.35) 

S'jJ'j = 0. (3.36) 

Thus, in all cases the Einstein equations £ 0m , £ mn , the Maxwell equations and Bianchi iden- 
tities £ m and the scalar equations £ iKL J I [K J J L] and £ MNPQ J [I M J J nJ K pJ L] q are au- 
tomatically satisfied; the Einstein equation £ 00 and the scalar equations £ %KL J 1 \kJ j n and 
gMNPQ j[i M j~J N J K p J l \q are satisfied if the th component of the Maxwell equations and 
Bianchi identities £° are satisfied. To check that all the scalar equations of motion are, therefore, 
satisfied if £° are, it is convenient to make a detailed analysis case by case. 

N = 2:: As mentioned before, Eq. (13.271) relates the complete scalar equations of motion to the 
th component of the Maxwell equations an Bianchi identities. Therefore, we only need to 
solve £° = 0. 
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N = 3:: The KSIs Eqs. (13321) and (13361) can be combined into 



fr I = -2V2p|<£°| V*), (3.37) 

and we conclude that, as in the N = 2 case, the only equation that needs to be solved is 
£° = 0. 

iV = 4:: As mentioned before, Eq. (13.221) relates the complete scalar equation £ IJKL to £° be- 
cause in the N = 4 case £ IJKL = e IJKL £, where £ is the equation of motion of the 
complex scalar parametrizing Sl(2, E)/SO(2). More explicitly, we have 

£ = -^2~MLL/£° I V * /J ). (3.38) 
|M| 

From Eq. (13321) and its SU(4) dual, using the iV = 4 constraint £ i7J = \e IJKL £ iKL we 
arrive at the iV = 4-specific KSI 

Suj = -2V2 { ^<£° I V" ) + ^<£° I V, ) ^, (3.39) 

which guarantees that, as in the foregoing cases, the matter scalar equations of motion are 
satisfied if £° = is satisfied. 

N = 5:: In this case we have to consider the SU(5) dual of Eqs. (13.221) and (|3.35l) which can be 
combined into the single identity 



Sj = -V2~MLL?L(£°\v* JK ), (3.40) 



\M\ 

which leads us to the same conclusion as in the previous cases. 



N = 6:: In this case we have to consider the KSIs (13.221) involving £ IJKL and (13.321) . involving 

l c IJKLMNc 
2 £ £>MN- 



£ IJ plus the constraint relating these equations of motion: £ IJKL = ^e IJKLMN £]\ 



Expressing both KSIs in terms of £ ' only, we can combine them into 



nfU jCfUKL 

£ U = -2V2j^(£°\V*)-V2-^-(£°\V KL ), (3.41) 
which brings us to the same conclusion as before. 
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N = 8:: The KSI (1X221) plus the constraint £ IJKL = ^s ijklmnpq £ M npq result in the KSI 

£ UKL = 1272 j^<£° I Vl*4 ) + ^ MJ |^| M V I V^> J . (3.42) 

In all cases the equations of motion of the scalars are automatically satisfied if the th com- 
ponent of the Maxwell equations and Bianchi identities are. This will simplify the task of find- 
ing supersymmetric solutions enormously as there is only one independent symplectic vector of 
equations £ °. On the other hand, to check consistency, we have to check that all the supersym- 
metric configurations satisfy the above KSIs. 

4 N > 2, d = 4 Killing Spinor Equations for the bilinears 

The supersymmetry rules in Sec. © induce differential relations between the spinor-bilinears, 
defined in Section (JDJ), and the various supergravity fields. As such, these relations contain the 
local information of the supersymmetric configurations and the solutions and are therefore the 
starting point in the deductive reconstruction process of the supergravity fields from the KSEs. 
We start this process by enumerating said differential relations. 
From Eq. (13.11) we get 

®»M I j-2iT m + ^V K lJ f = 0, (4.1) 

®»V J j v + % { [M IK T JK + ^ - h.c] - [$ IK ifM \ p T K j + W)p - h.c] } = . (4.2) 
From Eq. (13.21) we get 

M KL P KLIJtl + ^iT {IJ \ + llv V K \ K] v = 0, (4.3) 

P/m-Af-fV-^lM = 0. (4.4) 

From Eq. (13.31) we get 

M IJ P iIJ ^ + 2iT i +^V v = 0, (4.5) 

Puj ■ V J K - {Ti + ■ <b IK = 0. (4.6) 
From Eq. (13.41) . which is only to be considered for iV = 5, we obtain 
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N = 5:: P[ijkl-V n m] = 0, (4.7) 

N = 5:: F[ijKL\,*M mN = 0. (4.8) 

The last equation can be written as 

N = 5:: P^J/^O, (4.9) 

where we have used the dual Vielbein P 1 M = \ x e IJKLM Pjklm ^ 

As was said before, in the case of N = 3 we must also take into account Eq. (13.51) . which 
leads to 



iV = 3:: Pi[u-V L K] = 0, (4.10) 

N = 3:: Pi[u W M\ K]L = 0. (4.11) 

As in the N = 5 case, we can use the dual Vielbein P %1 ^ = \e IJK Puk h to rewrite the last 
equations as 

N = 3:: P iI „Ji J ^0. (4.12) 

4.1 First consequences 

Having enumerated the differential relations, we start the analysis by expanding Eq. (14.31) . as to 
obtain 

M KL P KLIJ , + liTu+^V + 4iT m + tiU V K lJ] v = . (4.13) 
Substituting Eq. (14.11) in the last term, we get 

Cu+p = V v Tjj + ni = -±M KL P KLIJll - iQpMu , (4.14) 
from which we can find Tjj + by means of the following relation that holds in the timelike case 

Tu + = V- 2 [V A Cu + + i * (V A Cjj + )] . (4.15) 
Likewise from Eq. (14.51) we deduce 

a% = V»T t + ull = -±M IJ P UJll — )■ ^^F^A^ + u^A^)]. (4.16) 
Eqs. (14.1414.161) and (|A.20I) can then be used to find the complete field strengths, i.e. 
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^ H = V r V{1 — 2 J ^IJ A* + l J jtt 

= iM^Aj + ir^^M.j, (4.17) 

and 

F A + = r 2 [l/AC A+ + n(yAC A+ )]. (4. 1 8) 
The trace over / over J in Eq. (14.21) gives 

V M K + z [M 7J T 7J V - c.c] = , (4.19) 
which implies that is always a Killing vector 

V (M K)=0, (4.20) 

and that, had we been dealing with the null case (M/j = 0), it would have been covariantly 
constant. 

Considering the equations involving the Vielbeine for each value of N, we can derive the 
general result 

V"P I jKL» = VP iI j lt = 0. (4.21) 
The first of these equations together with the expression for T I j + IMU V, Eq. (14.151) . implies 

V^ fl M IJ = 0. (4.22) 

4.2 Timelike case 

We define the time coordinate t by 

V^ = V2d t , (4.23) 

which implies that all the fields are (covariantly) time-independent. Taking into account that 
V 2 = 2\M\ 2 and the above choice of coordinate, V must take the form 

V = V^dx" = V2\M\ 2 (dt + w) (4.24) 

where u = u) m dx m is a time-independent 1-form to be determined. We can use the 1-form V to 
construct the th component of a Vielbein basis {e a } 

e o = _y M |-iy. (4.25) 
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The other three 1-forms of the basis {e 1 , e 2 , e 3 } will be chosen arbitrarily. In general none of 
the remaining vector bilinears is an exact 1-form: with the available information we can only say 
that the 4-dimensional metric takes the form 



ds 1 



\M\ 2 (dt + to) 2 - \M\- 2 lmk dx m dx n . 



(4.26) 



where the 3-dimensional metric 7 mra also has to be determined. The 1-forms V m defined in 
Eq. (|D.26I) can be taken as Dreibeine for the metric 7 mn . We are going to derive from Eq. (|4.2I) . 
which contains a great deal of information, equations for V, V m and the matrices {a" 1 ) 1 j, defined 
in Eq. (ID.27I) . that will determine u and 7 mn . 

Using the decompositions (ID.28ID.21I) and the expression for the graviphotons field strengths, 
Eq. (14.151) . in Eq. (1431) we get 



dV + \M\~ 2 \ V A d\M\ 2 + i* V A (M IJ DM U - MijDM 



T IJ\ 



, (4.27) 



d ym + i Tr A V n = , (4.28) 



(4.29) 



Bmnp [®n(J P + \Tz (a P ® n CT q ) CT q ] - i (® m JJ ~ JV m J) = , (4.30) 



® m J I J + 2i\M\- 2 e 



mnp 



[D n M JK (a p ) K lM li 



-h.c] 







(4.31) 



Observe that, even though the a-matrices bear indices m, n and p, these indices are not tangent 
space indices and the co variant derivatives acting on them is the U(iV) connection f2 only. 

If we act with J 1 L on Eq. (14.11) and use the expression for the graviphoton field strengths 
Eq. (14.151) and the trace of Eq. (14.291) . we get JT)J = 0, which together with its Hermitean 
conjugate imply the very important condition 



DJ = 0. 



(4.32) 



This equation does not imply that it is possible to choose a gauge in which dj = because 
the theories we are considering are only invariant under global U(iV) transformations and not 
under arbitrary gauge transformations (the connection is a composite field). Nevertheless, 
observe that J is constant in the U(2) directions of the Killing spinors: 



JdJJ = 



(4.33) 



17 It is worth stressing the differences with the procedure foliowed in the N = 2 case in Ref. [ 141 : in the N = 2 
case one can use the weil-known constant Pauli matrices and construct {e 1 , e 2 , e 3 } decomposing the vector bilinear 
V 1 j n with respect to {a 1 , a 2 , c 3 }. In the general case there are a priori no constant N x N Pauli matrices 
available and we are forced to choose {e 1 , e 2 , e 3 } first, and then use them to construct the N x N Pauli matrices, 
which genetically will be non-constant: see Appendix|D]for more detail. 
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as follows from its idempotency J 2 = J . On the other hand, this condition will allow us to 
relate consistently each supersymmetric configuration to a truncation to an N = 2 theory with 
vector supermultiplets and hypermultiplets: J projects the U(iV) space onto an U(2) subspace, 
which defines the associated N = 2 truncation. Using J we are going to be able to project the 
scalar Vielbeine Pijkl and Puj onto scalar Vielbeine belonging to the vector supermultiplets or 
the hypermultiplets of the truncation. 

The integrability condition oil) J = is 

[R(Q),J} = 0, (4.34) 

which restricts the holonomy of the pullback of the connection of the scalar manifold to the group 
generated by the U(iV) subalgebra that commutes with J; this group is U(2) ® U(iV — 2), the 
first factor being generated by {J ', a 1 , a 2 , a 3 }. 

Since R(Cl) can be expressed in terms of the scalar Vielbeine using Eq. (IA.33I) . the above 
condition is a condition on the Vielbeine. Below, we are going to derive several conditions for 
the Vielbeine that will ensure that the above condition is satisfied. 

Another important consequence of the condition DJ = is 

DM IJ = \M\- 2 M IJ M KL DM KL , (4.35) 
which leads to relations such as 

®M [IJ ®M K]L = , (4.36) 

and solves Eq. (14.311) . 

Let us continue by analyzing Eq. (14.271) : taking the exterior derivative of V in Eq. (14.241) and 
comparing it with Eq. (14.271) we find that 



duj 



(M IJ ®M U - M U ®M IJ ) A V 



V2\M\ 4 

which can be rewritten as an equation in the background of the 3 -dimensional spatial metric: 



(4.37) 



{du) mn = -p^£ mnp (M /J I) p M 7J - M u ® p M IJ ) . (4.38) 

Using the symplectic vectors 1Z and X defined in Eq. (|3.17l) and the constraint M^ IJ M K ^ L = 0, 
Eq. (ID.8I) . we find that 

M IJ ^ m M u - MjjV m M IJ = 2i\M\\Z \ d m X) , (4.39) 
and then we can rewrite the equation for u in terms of X 

(dco) mn = 2e mnp (Z\d p l), (4.40) 

and \M\ in terms of 1Z and X 
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\M\- 2 = (n\l), (4.41) 

which are identical to the ones obtained in Refs. lfT3~ll36ll for N = 2 theories coupled to vector 
multiplets and with the same integrability condition, namely 

(I | V? 3) X} = 0. (4.42) 

Let us now move on to Eq. (14.281) : it can be interpreted as Cartan's first structure equation for 
a torsionless connection w mn = —w nm on the 3-dimensional space 

dV m - w mn A V n = , (4.43) 
where the connection can be read off and is 

This equation relates the spin connection of the 3-dimensional transverse space to the pull- 
back of the connection of the scalar manifold. This spin connection is constrained by Eq. (14.291) : 
multiplying by a p and taking the trace, we find that 

^(mn)p , =^ 'OJmnp ^[mnp] j (4.45) 

which is a gauge condition associated to our choices. 

Defining a new covariant derivative £) = D + w, where w mn acts on the upper m, n indices 
of the a matrices^ we can rewrite now Eqs. (14.291) and (14.301) in the combined form 

f) m a n = . (4.46) 

The integrability condition of this equation relates the curvature 2-form of zu mn to an su(2) 
projection the curvature of the pullback of the connection of the scalar manifold fi: 

R mn ( w ) = i £ mn P Tr [a p R(Q)] . (4.47) 
If we compute the curvature R mn {w) using Eq. (14.441) we find on the r.h.s. the extra term 

i£ mnp Tr yj d(y PJ A Q] 5 ( 4 4 g) 

which must vanish for consistency. We are going to impose the condition 

Jda p J = , (4.49) 

which says that the a m matrices are constant in the U(2) directions of the Killing spinors, just 
as J. We have not found a better proof of this condition, but we shall see that it is the simplest 
condition that solves the KSEs. 



18 Explicitly, £> m <r" = T) m a n ~ w m np a p . We do not distinguish between upper and lower flat 3-dimensional 
indices. 
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Using Eq. (IA.33I) we can rewrite Eq. (14.471) in a form that can be compared directly with 
the SU(2) curvature and quaternionic structures of the quaternionic-Kahler manifold in which 
the scalars of iV = 2 hypermultiplets live. Then Eq. (14.471) relates the curvature of the spatial 
3-dimensional metric 7 with the SU(2) curvature of the hyperscalars, completely analogous to 
what happens in the N = 2 case with hypermultiplets lfl4l . To find the projections of the scalar 
Vielbeine that correspond to the hyperscalars in the associated N = 2 truncation defined by J, 
we first use Eqs. (14.471) and (IA.33I) to write the Ricci tensor of 7 as 

R(l)mn = -j^e np %^Y j[P* JKLM [m \P IKL M\ p] + 2P« JK [m | P IK | p] ] . (4.50) 

Further identities are needed: using the decompositions (|D.28ID.21I) and the time-independence 
of the scalars Eq. (14.211) in Eqs. (14.41) and (14.61) . together with the expressions for the supergravity 
and matter vector field strengths Eqs. (I4.14H4.161) . we get the following constraints on the scalar 
Vielbeine: 

[PijKL m -mr 2 M PQ Pp Q[I j\ m M lK]L ](a m ) L M = 0, (4.51) 

PiMNm (S MN u - J M {I J N ^) (a m ) J K = 0, (4.52) 
which can be rewritten in the formal 

PlJKLmJ I [MJ J NJ K pJ L Q](a m ) Q R = 0, (4.53) 
PlJm j\KJ J L\{o m ) L M = 0. (4.54) 

Using them in the above equation, the Ricci tensor of 7 takes the formal 



R{l)mn — — _ 2 PlJKL(m\J\dJ J nJ K pJ L QP* MNPQ \n) 

1 op , , ijl *tJ TD*iMN, 
-T^PlJ (m\J MJ N-r 



(4.55) 



In) • 

The hyperscalar Vielbeine in the associated N = 2 truncation are clearly identified in this 
expression. The conditions for a flat 3-dimensional metric, or said differently the no-hypers 
conditions, are therefore 

PijklJ\mJ J nJ K pJ L q] = 0, (4.56) 
PujJ\mJ J n] = 0. (4.57) 



These equations should be compared with the conditions that supersymmetry imposes on the pullbacks of the 
quaternionic Vielbeine in N = 2 theories lfT4l . 

20 For N = 2 the r.h.s. vanishes identically, as the formalism used only takes into account vector multiplets. 
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5 Solving the KSEs 



We have thus far obtained the following necessary conditions for a field configuration to admit 
at least one Killing spinor and to lie in the timelike class of solutions: 

1 . All the fields are time-independent and related to a complex, antisymmetric matrix M IJ 
satisfying M\ IJ M K ^ L = 0, from which we must construct the covariantly constant projec- 
tion J 1 j, and to generalized Pauli matrices (a m ) 1 j which must satisfy Eqs. (ID .3 PHD. 371) 
and (14491) . 

2. The scalars have to satisfy Eqs. (14.531) and (14.541) ; in the special cases of N = 3 and 5 they 
further need to satisfy Eqs. d479l) and (14.121) . 

3. The vector field strengths are given in terms of the scalars and the matrix M 1,1 by Eqs. (14.141 - 

Oof 1 ! . 



4. The spacetime metric is of conforma-stationary form, Eq. (14.261) . where 

(a) The 1-form to is related to the matrix M IJ , the scalar fields (through the pullback of 
the scalar connection) and the 3-dimensional transverse metric 7 mn through Eq. (14.401) . 

(b) The 3-dimensional metric is related to the scalars and the generalized Pauli matrices 
by Eq. (14.441) which relates its spin connection to an SU(2) projection of the pullback 
of the connection of the scalar manifold. 

We are going to see that these necessary conditions are also sufficient: let us start by plugging 
our result for T, ; Eq. (14.161) into Eq. (13.31) . leading to 



8 I K e L - j~\M\- x M KL 'fe 1 



0. (5.1) 



PiKLmY 

Decomposing now 

PiKLm = PiMN mJ M [kJ N L] + PiMNm(S MN KL ~ J M \kJ £]) j (5-2) 

we get 



P i M J v m |M|- 1 M MiV 7 m [\M\- l M IL e L - ^ 7 °6/J + ^mnU^kl - J M {K J N L] )l m e L = . 

(5.3) 

Each of the two terms has to vanish separately because they depend on independent components 
°f Piijm- The first term can vanish in two different ways: 



1- PiMNmM MN = (vanishing matter vector field strengths^Tj (14.161) ). In this case, the 
generic way to make the second term to vanish is to impos 



21 Simpler expressions for the vector field strengths will be given in the next section. 
22 Compare this equation with Eq. (4.35) of Ref. 1 14 1. 
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U m±I je J = ± ^0(ra)| a (m)^j e J = q ? ( g_ 4) 

for each value of m for which Pjjj m ^ and then use Eq. (14.541) . The consistency of this 
condition for a given m require 



(5 7 j-^ 7 j)e J = 0, (5.5) 

which reduces the number of unbroken supersymmetries to just two ( i.e. eight real in- 
dependent supercharges), out of which only one half (i.e. 1/N) survives the projection 
Eq. (15.41) for one given value of m. If we have to impose another projector of the same 
kind, the number of unbroken supersymmetries is lowered by another factor of 1/2. In the 
generic case we will have to impose all three projectors and the supersymmetry preserved 
is just one (i.e. 1 /{AN) of the total). 

If Eq. dU is satisfied and P zM Nm{5 MN K L - J M [kJ n l])J l j = (which is identical 
to the "no-hypers" condition Eq. (14.571) . we do not need to impose Eq. (15.41) . which is 
associated to the hypermultiplets in the associated N = 2 truncation. It is clear that the 
projected scalar Vielbeine P%mn m J M [kJ N l\ correspond to the complex scalar of the 
vector multiplets of the N = 2 truncation. 

2. If Pimn m M MN 7^ then we have to impose 



e / + ^v / 2|Mr 1 M /j7 V = 0, (5.6) 

which is consistent only if Eq. (15.51) is satisfied, which means that, generically, 1/{2N) of 
the total amount of available supercharges are preserved by this condition. 

The second term vanishes when we impose again the generic condition Eq. (15.41) . which is 
compatible with Eq. (15.61) . and use Eq. (14.541) . Again, if Eq. (14.571) is satisfied, the condition 
Eq. (15.41) is unnecessary. 

In the case of N = 3 supergravity we have to consider the KSE Eq. (13.51) . which is readily 
seen to be solved by the condition Eq. (I4.9I ). Observe that this condition automatically implies 
the "no-hypers" condition, in agreement with the absence of hypermultiplets in the truncations 
from N = 3to N = 2. Therefore, in iV = 3 supergravity the only projector that ever needs to be 
imposed on the Killing spinors is Eq. (15.61) . 

Let us then consider the KSE Eq. (Till) . Substituting our result for T u , Eqs. (14.141) and (14.151) . 
we can immediately write it as 

[PijKMm - 3 {\M\- 2 M MN P M Niu\ m M lK]L + 2\M\- 2 D m M [u M K]L )] 7 m e L 

+3 {\M\- 2 M MN P MN[IJlm + 2\M\- 2 T> m M [ul ) 7 m (^M^ 1 M ]K]L e L - ^°e lK] ) = . 

(5.7) 

23 These projectors satisfy (IT m± ) 2 = IT m± - \{l - J) and [n m± , n n± ] = 0. 
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Again, we can distinguish two different cases: 

1. M MN Pmnutti + 22} m M/j = 0, which implies the vanishing of the vector field strengths 
(14.141) in the graviton supermultiplet. In this case, the equation can generically be solved by 
imposing the projector Eq. (15.41) on the Killing spinors and using the constraint Eq. (14.531) . 
If PijKMmJ M l = 0, equivalent in this case to the "no-hypers" condition Eq. (14.561) . then 
the condition Eq. (15.51) suffices. 

2. M MN Pmnutu + 22) TO M/j ^ 0: in this case we need to impose the projectors Eq. (15.61) 
and, to cancel the first term we have to impose Eq. (15.41) unless PuKLm satisfies^! 



PuKMmJ M L ~ 3\M\- 2 M MN P MN[IJlm M K]L = , (5.8) 

which implies the "no-hypers" condition Eq. (14.561) . 

For N = 5 we also have to consider the KSE Eq. (13.41) : this equation is immediately solved by 
the condition Eq. (|4.8I) . or equivalently (14.91) . which is a particular instance of Eq. (15.81) implying 
once again the "no-hypers" condition (14.561) . Therefore, in the N = 5 case we only need to 
impose the projection Eq. (15.61) . 

Using the supersymmetry conditions that we have used to solve the previous KSEs plus 
D J = 0, it is easy to see that the th component of the KSE Eq. (13.11) is satisfied, while the m th 
component reduces to the equation in 3-dimensional transverse space 

£ m e 7 - \M\- 2 V m M IK M JK ej = , (5.9) 

where 



® m ei = (d m + \w mnpl n P)ej - Q J jej = d m ej + [±{uj mnp e n ^{a") J , - Q J ,] ej , (5.10) 



upon use of the condition Eq. (15.4li 25 l . 
From Eqs. (14.441) and (14.491) we obtain 

± = TJttJ ± |Tr [JQ] , (5.11) 

and from DJ = we get 

Jttj = JdJ = \{JdJ + a m da m ) . (5.12) 
The second term in Eq. (15.91) can be put in the form 

\M\- 2 ®M IK M JK ej = \ [T>J J ! + \M\- 2 T)M MN M MN J J I } ej 

(5.13) 

= i[2^ + ||M|- 2 9|M| 2 -Tr(^)] ej , 



24 Here we have used Eq. (I4.36l l to simplify the expression. 

25 Acting on this equation with the projector J 1 l we find the integrability condition H)J = 0. 
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where 



C = l\M\- 2 (dM MN M MN - dM MN M MN ) . (5.14) 

Putting all this information together and choosing the upper sign so the terms Ti{JVt m ) 
cancel, we can rewrite the reduced KSE using 3-dimensional differential forms as 

de-e[i£+ \{JdJ + a m da m )} = 0, (5.15) 

where we have defined the U(iV) row vector ej = |M|~ 1 / 2 e/. The integrability condition of this 
equation 

J[id£ + \{dj A dj + do m A da m )\ = , (5.16) 

is identically satisfied^. 

This shows that the necessary conditions for supersymmetry enumerated at the beginning of 
this section are also sufficient. Furthermore, we have shown that the Killing spinors generically 
satisfy the condition Eq. (15.51) . which preserves 2/N supersymmetries; if the supergravity or 
matter vector field strengths are non- vanishing, then they also satisfy the condition Eq. (|5.6I) . 
which breaks a further 1/2 of the supersymmetries and, if one of the scalar Vielbein projections 
PuKLmJ 1 mJ J nJ K pJ L q or PujmJ 1 ' M J J ' N does not vanish, then the Killing spinor must 
satisfy one condition Eq. (|5.4I) (with the upper sign only) for each value of m, each of which 
breaks the supersymmetry a further factor of 1/2 up to a maximum 1 / (4JV), which is the fraction 
of supersymmetry preserved by a generic configuration. 



6 Equations of motion 

The supersymmetric configurations found in the previous section do not necessarily satisfy all 
the equations of motion. In order to find supersymmetric solutions, we have seen in Section [3] 
that it is enough to require that the supersymmetric configurations satisfy the th components 
of the Maxwell equations and Bianchi identities because the rest of the equations of motion are 
then, according to the KSIs, automatically satisfied. In this section we are going to find the Oth 
component of the Maxwell equations and Bianchi identities and we will check that the KSIs 
are satisfied for the supersymmetric configurations that we have obtained. This will serve as a 
powerful cross-check of our results. 

Let us start with the Maxwell equations and Bianchi identities: it is convenient to construct a 
symplectic vector of 2-forms T containing the field strengths F A and their symplectic duals Fa, 

by T T ee {f a , Fa J . The Bianchi identities and Maxwell equations can be written in the form 

dT = 0. 

The field strengths F A can be easily deduced from the equations obtained in Sec. (14.11) and 
read 

26 Here and in Eq. ( 15.111) we have used Jda m J = 0. 
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F A = F A+ + pA- = y-2[y AE A_ ^y A ^ ? (6 1} 

where 

E A = C A+ + C A+ = d{\M\ 2 K A ) , 



B A = -i(C A+ -C A+ ) = -I {M IJ ® f A u + f* A u ®M IJ -c.c.} 
Using the same results one can deduce 



(6.2) 



F A = A^ S F S+ + Af A xF A - = V- 2 [V AE A - *(t> A B A )} , (6.3) 

where 



£ A = N* A ^ + + N A ^C A - = d{\M\ 2 TZ A ) , 

B A = -i{N* A ^ + -U A ^C A -) = -i 1 {M LJ m AI j + h* AIJ T)M IJ -c.c.) . 
Combining the two expressions one can see that the symplectic vector F is given by 



(6.4) 



jr = y-i jy Ad(\M\ 2 TZ) + | F A (M /J DV/j + V* IJ DM IJ — c.c.) j . (6.5) 
Using the equation for cu (14.371) and D J = 0, it can be rewritten in the form 

jr = -\d(KV) - \ * (V A dl) , (6.6) 

The combined Maxwell equations and Bianchi identities (i.e. dT = 0) then imply the equa- 
tions 

d* (V A dl) = , (6.7) 

which, can be rewritten in the form 

£- = -L\M\6 a V 2 3) I = 0, (6.8) 

in full agreement with the fact, derived from the KSIs, that the Maxwell and Bianchi equations 
only have nontrivial th component. 

To calculate £ 00 we need to use Eq. (14.411) to express the second derivatives of \M\ in terms 
of symplectic sections. Then 

-V 2 {TZ | X) = 2(V 2 X | K) + 2( V m X | V m TZ) . (6.9) 
Using in the second term Eq. (IA.24I) we find that 
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= -2|M| 4 ( V 2 3) l | n) + \\M\ 2 [R(j) + Q\M\- 2 Tl IJ KL D m M I j® m M KL 
(5 IJ kl ~ 6a^\M\- 2 M IJ M KL ) P IJM NmP* KLMN m 
+« 2 {5 ij kl - a^\M\- 2 M IJ M KL ) P iIJm P* lKL m ] . 

(6.10) 

It is straightforward to show that £ 0m = identically, and, for simplicity, we compute 

\M\- 2 [8 mn + \5 mn S/} = - ] ^(S \n}+R( 1 ) mn -2\M\- 2 U IJ KL ^ {ml M I j^ ln) M KL 



?* KLMN 



(5 IJ KL - Qa^\M\~ 2 M IJ M KL ) P IJMN {m P* n) 

+a 2 {5 IJ KL - a^\M\- 2 M IJ M KL ) P iU {m P* iKL n) . 

(6.11) 

Finally, from Eqs. (14.141) and (14.161) we find that the scalar equations of motion are given by: 
N = 2:: 

-\M\~ 2 8 iIJ = V m P* iIJ m -2\M\- 2 V m M IJ M KL P* lKL m 

(6.12) 

-i\ M \- 2 P* iIJA P*3 k A M KL M MN P jKLm P kMNm . 

N = 3:: 

- \M\- 2 £ UJ = D m P* UJ m - 2\M\- 2 V rn M IJ M KL P* iKL m , (6.13) 
or, in terms of the dual variables 

- \M\- 2 S l j = T) m P i Im - 2\M\- 2 ® m M I M J P l Jm . (6.14) 

N = 4:: 

-\M\~ 2 S IJKL = ® m P* IJKL m -12\M\- 2 M MN P* MN V J \ m ® m M^ 

— \\ M\~ 2 P* IJKL A P* ^ A M MN M PQ Pi MN mPi PQ m , 

or 



(6.15) 



\M\' 2 S = V m P rn - 2\M\- 2 M u V m M IJ P m - \\M\~ 2 M MN M PQ P lMNm P 3PQm , 

(6.16) 
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and 



-\M\~ 2 S UJ = D m P* UJ m -2\M\~ 2 [V m M IJ + \M MN P* MNIJ m ]M KL P 
-\M\- 2 e IJKL [T> m M KL + \M MN P MNKLm ] M p ® PiPQ m . 



* iKL 



(6.17) 



iV = 5: 



\M\- 2 £ IJKL = D m P* IJKL m - l2\M\- 2 M MN P* MN[IJl m ® m M lKL] , (6.18) 



or 



N = 6: 



-\M\- 2 S IJKL 



\M\- Z £j = D m P Im - 2\M\- 2 D m M IJK M JKL P Lm . (6.19) 

= D m P* IJKL m - \2\M\- 2 [M MN P* MN W m V m M\ K ^ 
+lM MN P* MN ^\ m M OP P* OP \ KL L} 

_ m -2 £ UKLMN p m M MN + \M P QP PQMNm ] M RS P RSm , 

(6.20) 



or 



\M\- 2 £jj = ® m P IJm -\M\ 



M KLMNp 



MN m 



-2\M\ 



® m M I j + ±M IJ KLP* KL , 



M RS Pi 



RSm 



(6.21) 



and finally 



iV = 8: 



\M\~ 2 S IJKL = D m P* IJKL m 

-\2\M\- 2 [M MN P* MN W m V m M\ K ^ + \M MN P* MN V J \ m M pP* 0P \ KL ^ m } 

_i m -2 £ IJKLMNPQ [M RS P RS[M N\m^mM\ PQ] + \M RS P RS[M N\ m M TU P TU \ PQ]m ] 

(6.22) 
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6.1 Checking the KSIs 

Let us start by checking the KSI Eq. (13.191) . Substituting the above expression, we get 



(Vf 3) Z| X) =0. (6.23) 

The r.h.s. vanishes identically due to the integrability condition of the equation that defines the 
1-form to, Eq. (14.421) . whose existence is a necessary condition of supersymmetry. 
To check the KSI Eq. (13.161) we need to compute ( 8° \ 1Z): 

(S°\n) = ^\M\ 3 (V 2 {3) l\n). (6.24) 

Comparing this with the expression for £ 00 given in Eq. (16.101) we find that supersymmetry, 
requires the following relation between the curvature of the 3-dimensional space and the scalars 

R(y) = -^a 1 (5 IJ KL -6a^J I K J I L )P IJMNm P* KLMN m 

(6.25) 

— OC2 (S IJ KL — Ot 2 J 1 kJ 1 l) PiIJmP* lKL m , 

a result we will comment upon shortly. 

As for the KSI (13.151) we point out that, as we mentioned in the previous section, £ 0rn vanishes 
identically; from Eq. (16.1 II) we see that £ mn vanishes if Eq. (16.251) is satisfied and furthermore 
that 



R(l)mn — — J2 «1 ($ IJ KL ~ 1 J 1 kJ* ' l) PlJMN (m,P* KLMA T n } 

' ' KL ~ •J 1 K'J 1 h) PiU (m,P* '^^n) • 



(6.26) 



This is the only equation we really need to impose on the 3-dimensional metric as Eq. (16.251) is 
nothing but its trace. One can show (case by case, for each N) that this expression is completely 
equivalent to Eqs. (14.551) . which are satisfied by the supersymmetric configurations. 

We can then check those KSIs that relate the equations of motion of the scalars to the th 
component of the Maxwell and Bianchi equations. It is convenient to first compute them for the 
result for a generic value of N, and then consider a specific value. For generic iV one obtains 

(S°\V* 1 ) = ^\M\{^ m P* iIJ m M IJ -2\M\- 2 P* UJ m M IJ M KL T) m M KL 

, (6.27) 

—M IJ [PjlJmP*^ m + \PlJKLmP* lKL m\ \ ■ 

and 
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(£°\V* IJ ) = ^\M\{® m P* IJK \M KL -2\M\- 2 V m P* IJKL m M KL M MN S) m M 



N = 2:: it is enough to check the KSI Eq. (13.271) using the form of the equation of motion derived 
before Eq. (16.121) being careful with the P 2 and P 4 terms. A detailed calculation shows 
that they cancel each other, in agreement with the results of Ref. lfi~3~1 . 

N = 3:: For the case N = 3 we have to check the KSI Eq. (13.371) using the form of the equation 
of motion derived before Eq. (16.131) . Again, it is readily found to be satisfied by using the 
condition Eq. (14.121) and the covariant constancy of J . 

N = 4:: For the case N = 4 we have to check the KSIs Eqs. (13.381) and (13.391) using Eqs. (16.161) 
and Eq. (16.171) respectively. The first KSI is easily seen to be satisfied. The second KSI is 
satisfied up to a term of the form 



which vanishes automatically after use of the constraint Eqs. (14.541) and (14.461) . This term 
can be seen as the equation of motion for the hypers of the associated N = 2 truncation 
and, as it happens in the N = 2 theory, it is automatically satisfied for the supersymmetric 
configurations independently of whether the Maxwell equations and Bianchi identities are 
satisfied or not. 



N = 5:: For the case iV = 5 we have to check the KSI Eq. (13.401) using Eq. (16.191) . In this case the 
crucial property that makes it to be satisfied is Eq. (14.91) . 

N = 6:: In the N = 6 case we find the the KSI Eq. (13.411) is satisfied Eq. (16.211) up to a term of the 
form Eq. (16.291) , which is also seen to vanish identically. 

N = 8:: Finally, in the iV = 8 case we find the the KSI Eq. (13.421) is satisfied Eq. (16.221) up to a 
term of the form 



1 mMN \jd*IJKL p 




(6.28) 



®m(PiMN mJ [I J J}) , 



(6.29) 



^m{PlJKLm J 1 [AlJ J nJ K pJ L Q]) 



(6.30) 



which vanishes upon use of Eqs. (14.531) and (14.461) . 



In conclusion we see that the KSIs are always satisfied. 
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7 Conclusions 



The results presented in this paper are a first step towards a full characterization of all the four- 
dimensional supersymmetric solutions preserving at least one supercharge. It is clear that further 
work is needed in order to make the general solutions presented here more explicit for each N: 
first of all, convenient parametrizations of the matrices M IJ satisfying all the required properties 
(in particular all the supersymmetry constraints involving the projector J) and general ways to 
construct the generalized Pauli matrices a m have to be found, the stabilization equations have to 
be solved (this is in general hard, and might prove impossible); furthermore, the scalar fields need 
to be resolved; the would-be vector- scalars should be resolved in terms of the harmonic functions 
and the would-be hyperscalars should be found the hard way by solving the relevant equations 
(14.5314.541) and their consistent interplay with the connection on the 3-dimensional base space, 
Eq. (14.441) . Only then will we have explicit expressions for the supersymmetric solutions. The 
problem is similar to, but definitely more involved than, finding supersymmetric solutions in 
d = 4 N = 2 supergravities coupled to vector and hypermultiplets lfT4il . A further issue that 
needs to be investigated and which does not arise in the N = 2 d = A case is the classification of 
supersymmetric solutions preserving more than the minimal amount of supersymmetry. 

The supersymmetric black hole solutions of the 4-dimensional supergravities are a very inter- 
esting subclass of the supersymmetric solutions identified here. They are "hyper- less" {i.e. they 
have a flat 3-dimensional base space) solutions and, therefore, simpler to construct. The black- 
hole solutions of N = 8 are particularly interesting due to the possible ultraviolet-finiteness of 
the theory, e.g. [46] . There are many partial results in the literature 11371 l38l l39l 1401 including 
very large families of solutions obtained via N = 2 truncations of the theory OTI but the deriva- 
tion of a manifestly E 7 ( 7 ) -invariant family of solutions on which the conjectures concerning the 
E 7 (j) -invariant entropy formula PTTl could be explicitly checked is highly desirable. Our results 
provide a starting point for this derivation B2l . 

The attractor mechanism [|43l (see also the more recent reference [1441 ) has been one of the 
main tools for the study of supersymmetric black-hole solutions. Our results establish a clear 
distinction between the scalars which are driven by the electric and magnetic charges of the 
vector fields (which would belong to the would-be vector multiplets of the associated N = 2 
truncation) and, therefore, subject to the attractor mechanism, and those that are not (which 
would belong to the would-be hypermultiplets of the associated N = 2 truncation). A simple 
derivation of the attractor flow equations for the first kind of scalars based on the general form of 
the solutions found here can be readily given [|45l . 

Another interesting class of timelike supersymmetric solutions which deserves to be studied 
in more detail is the class of domain walls associated to the supersymmetry projectors U m±I j 
and, therefore, to the would-be hyperscalars of the associated N = 2 truncation. 

Finally, to complete the program of characterizing all supersymmetric solutions, the super- 
symmetric solutions in the null class need to be identified. In the null class the U(iV) R-symmetry 
group is broken to U(l) x U(iV — 1) and there is an "N = 1 truncation" associated to the U(l) 
subgroup [47 ]. The solutions will then be analogous to the supersymmetric solutions of the un- 
gauged N = 1 theories with no superpotential, classified in Refs. IPTBI and IfTTII . and include 
waves, strings and domain walls. 



33 



Acknowledgments 



This has been supported in part by the Spanish Ministry of Science and Education grants FPA2006- 
00783 and FPA2009-07692, the Comunidad de Madrid grant HEPHACOS S2009ESP-1473, the 
Spanish Consolider-Ingenio 2010 program CPAN CSD2007-00042, a Ramon y Cajal fellowship 
RYC-2009-05014 (PM), the Principau d'Asturies grant IB09-069 (PM) and a MEC Juan de la 
Cierva scholarship (SV). TO wishes to express his gratitude to the CERN Theory Division for its 
hospitality during the crucial stages of this work and M.M. Fernandez for her permanent support. 

A Generic scalar manifolds 

All the scalar manifolds can be described by a Usp(n, n) matrix U which is constructed in terms 
of the matrices^] 

/ = (/ A 7J ,/ A t ), h = (h AIJ ,h Ai ), (A.l) 

where I, J = 1, ... N are the graviton-supermultiplet, or equivalently U(iV), indices and i(— 
1, . . . n) are indices labeling the vector multiplets, and the embedding then imposes that n = 
n + N(N — l)/2; this information is represented in the following tabled 



N 


3 


4 


5 


6 


8 


n 


n 


n 





1 





n 


n + 3 


n + 6 


10 


16 


28 



Using the above matrices one can then embed the generic scalar manifolds as 

/ f + ih f* +ih * 
^ \ f-ih f*-ih* 
The condition that U G Usp(n, n) 

leads to the following conditions for / and h: 



(A.3) 



i(fih-rff) = l, fh-h T f = 0. (A.4) 



27 When we multiply these matrices we must include a factor 1/2 for each contraction of pairs of antisymmetric 
indices I J. 

28 Observe that N = 6 has n = 1, even though there are no vector supermultiplets in this case. This will be 
explained in Appendix (iBb . 
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In terms of the symplectic vectors 



*»=<£")• v <=(C:'- (a - 5) 



these constraints take the forrr@ 



(V U \V* KL ) = -2i6 KL u , 

(A.7) 

(V<|V^) = 



with the rest of the symplectic products vanishing. 

The left-invariant Maurer-Cartan 1-form can be split into the Vielbeine P and the connection 
Q as follows: 

{ O P* \ 

T = tr*dtf = D n , . (A.8) 



x p n* 

Thus, the different components of the connection are 



, n KL u w u \ _ f i(dVu | v* KL ) i{dVu\v*i) i 
- _l n KL i o?i )~\ i(dVi\v* KL ) i(dVi\v*i) ' ' 



and those of the Vielbeine are 



Pku. Pij J V -*W|Vkl) -iWlV^) 
The period matrix A/as is defined by 

Af = hf^ 1 = Af T , (A.11) 
which implies properties which should be familiar from the N = 2 case: for instance 

D/ia=A^ s 2)/ a , />a=A/a S / s , (A.12) 

and 

- !(3mATr 1|AE = y A uf* SIJ + / V Ei , (A.13) 

which can be derived from the definition of A/" and Eq. (|A.4I) . 
We also quote the completeness relation 

| I V U )(V* IJ | -| | V* /J )(V/j | +|V i )<V* i | -\V* i ){V i \=i. (A.14) 
Defining the H Aut x H Matter covariant derivative according to 



29 We use the convention 

(A\B} = B A A A - B A A A . (A.6) 
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®V = dV-Vn, (A.15) 
and using Eq. (|A.12I) we obtain from (IA.9I) 



and from (1A.10I) 



n KL l = W u = 0, (A.16) 

Pijkl = -2f A u ^mU^Df KL , (A.17) 

P UJ = -2/ A ^mAT AS D/ s 7J , (A.18) 

Pii = -2/ A ^mA/" AS D/ s , . (A.19) 
The above equation can be inverted to give 

®f A u = r M Piij+ir AKL PuK L , (A.20) 

S/ A. = /• V;7> (/ . 1 (A.21) 

using Eq. (IA.13I) . 

The definition of the covariant derivative leads to the identities 

( DV | V* } = , ( ©V | V } = ( dV | V ) = iP . (A.22) 
The inverse Vielbeine p* IJKL y p*UJ ; p**^ satisfy (here A labels the physical fields) 

t}*IJKLAtd a\zIJKL p*HJAr> of! xU ( A T3\ 

r ^MNOPA — ^IO MNOPj r -LjKLA — ^0 j* KL ■ (A.ZOJ 

Their crossed products vanish but their products with PijA do not. 
We find 

('S a Vij\'X)bV* kl ) = lPuMNAP* KLMN B + iPujAP* iKL Bi (A.24) 

(® A Vu\® B V* 1 } = i;PlJKLAP* lKL B+tP J IJAP* lJ B, (A.25) 

{^ A Vi \® B V* j ) = lPuj A P* UJ B+lPrkAP* jk B, (A.26) 

while ( DaV/j I VbVkl ) = ( ©aV 7J | D b V, ) = ( V A V l \ D^V,- ) = 0. 

Using the definition of the period matrix Eq. (IA.1 II) . equation (IA.12I) and the first of Eqs. (IA.4I) 
we get 
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dN = mmNDff^smN. (A.27) 
This expression can be expanded in terms of the Vielbeine, using Eqs. (|A.20I) and (IA.21I) 



oWa e = i^mMr^mN^n [PijKLf* TIJ f* nKL + APuj^f^ + 1%/" ' T ^ • 

(A.28) 

and, using Eqs. (IA.23I) and taking into account that their contraction with P^ does not necessarily 
vanish, implies 

P * IJKLA 4iJ U ^ = 4!i5h D Mi(A9fmM:)Ar n[JJ| r A|J " Z ' 1 , (A.29) 



P* UJA Aa^^ = %i<5mN m %mN^r m r AIJ . (A.30) 



P* UKLA -^zKz = -4^irWh(ASrnM:)AP* /JiriA P*'^A/ A i, (A.31) 

P* lIJA -^xKv = -4i^mAA n(A 3n 1 jv r s)A P* i/JA P*^ A / n i / A i . (A.32) 

Using the Maurer-Cartan equations dT + V A V = and direct calculations we find that the 
curvatures of £l KL u and W \ are 



■dKL _ jo kl _j_ in Xi a o MAr 
n u — a\L j j + 2" AfjvAii jj 

= -lP* KLMN AP MNI j-P* iKL AP U j (A.33) 

= -i(DV;j I T>V* KL ) , (A.34) 

M = ^U^A^^-iP^AP^-r^^ (A.35) 

= -i(DV, I £)V* j ) . (A.36) 
The vanishing of the curvature of leads to 

\Pijkl A P* lKL + Pju A P* ij = -i(®Vu I SV" ) = . (A.37) 
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B Generic N > 2, d = 4 multiplets 

In this section we will spill out the field content of the relevant graviton- and vector supermul- 
tiple10 by giving said field content in a table followed by the possible constraints that apply for 
for each individual case. 









N-- 


= 3 
















XlJK 


A 1 




KlJK 


PilJ/j, 




1 


3 


3 


1 


n 


3n 


n 


(3 + 3)72 



N = A 










XUK 


PlJKLpu 




Ay 




PiUfi 


B 


1 


4 


6 


4 


1 + 1 


n 


4n 


4n 


(Q + Q)n 



In order to recover the iV = 4 field content we have to impose 

Puj = \zijklP* iKL , (B.l) 
A;/ = h^uKL^ 1 ■ (B.2) 



iV= 5 










XlJK 


IJKLM 

A, 


PlJKLfi 


tt 


1 


5 


10 


10 


1 


5 + 5 











JV = 


6 
















A l \ 


XlJK 


IJKLM 


PlJKL/j, 




A/ 


^IJK 




tt 


1 


6 


15 


20 


6 


15 + 15 


1 


6 


20 


15 + 15 



The situation for the N = 6 case is a little bit more involved. In spite of the fact that for N = 6 
there are no vector multiplets, the graviton multiplet is obtained from the "general case" Eq. (12.11) 
coupling an extra "vector multiplet". This is because the decomposition of SO* (12) with respect 
to SU(6) produces a singlet (this is the "practical reason" why Eq. (12.11) is not enough). The 
presence of the singlet comes together with the fact that SO*(12)/U(6) has a Special Geometry 
structure. 

In order to recover the N = 6 field content we have to impose 
30 The information in this appendix taken from Ref. 1301 . but adapted to the notations of Ref. 1 12 1. 
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Xi = 



1 _ -JKLMN 
5\£lJKLMNX i 



XlJK 
PlJKL 



, LMN 



J^IJKLMN^ 1 
1_ p*MN 



N = 8 




a 






XlJK 


IJKLM 

X, 


PlJKLfi 




1 


8 


28 


56 


56 


70 + 70 



In order to recover the iV = 8 field content we have to impose 

p _ 1 p* MNOP 

riJKL — 41 £ IJKLM NOP* , 



_ 1 _ LM NOP 

XlJK — yZUKLMNOPX 



C Gamma matrices and spinors 

We work with a purely imaginary representation 

Y* = -i a , 

and our convention for their anti-commutator is 

{ 7 a , 7 6 } = +2r ? a6 . 

Thus, 

777 =7 = 17 J =7a 
The chirality matrix is defined by 



and satisfies 



75 = -iVtW = i e afecd7 a 7 fe 7 c 7 d , 



_t 



75' = -7s* =75, (7s) = 1- 

With this chirality matrix, we have the identity 
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^ ai '" an = (4- n )! £ai " ,a " 4 ""^i-fe4-n75 • (C6) 
Our convention for Dirac conjugation is 

^ = # f To- (C7) 

Using the identity Eq. (IC.6I) the general d = 4 Fierz identity for commuting spinors takes the 
form 

{\M X )$N<p) = jCAMN^^ + KAMT'JV^^Ta^-lCAMT^JV^^Tabx) 
-i(AM 7 a 75 iV^)(^ 7a75X ) + I(AM 75 iV^)(^ 7 5x) • 

(C.8) 

We use 4-component chiral spinors whose chirality is related to the position of the SU(4)- 
index: 

IsXi = +Xi , Ih^ni = -ipni, l^i = -£/ • (C.9) 
Both chirality and position of the SU(4)-index are reversed under complex conjugation, e.g. 

75X/ = 7sX 7 = -X 1 , 75^/ = 75^ J = +^/, 75 e* = 75 e 7 = +e 7 . (CIO) 
We take this fact into account when Dirac-conjugating chiral spinors: 

X / =«(X/) t 7o, X / 75 = ~X / , etc. (C.ll) 

D Fierz identities for bilinears 

Here we are going to work with an arbitrary number iV of chiral spinors. Whenever there are 
special results for particular values of N, we will explicitly say so. We should bear in mind that 
the maximal number of independent chiral spinors is 2 and N(> 2) spinors cannot be linearly 
independent at a given point. This trivial fact has important consequences. 

Given N chiral commuting spinors e/ and their complex conjugates e 1 we can constructed 
the following bilinears that are not obviously related via Eq. (IC.6I) : 

1 . A complex matrix of scalars 

Mjj^ejej, M IJ = e V = (M u )* , (D.l) 
which is antisymmetric Mjj = —Mjj. 
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2. A complex matrix of vectors 

V'ja = ie'^ej , Vj J a ee ze /7 ae J = (^J a )* , (D.2) 
which is Hermitean: 

(V'ja)* = Vj J a = V J Ia = {V'jaf . (D.3) 

3. A complex matrix of 2-forms 

®IJab = eilabCj , & J ab = ^lab^ = (^IJab)* , (D.4) 

which is symmetric in the SU(iV) indices Qu a b = &jiab an d furthermore is imaginary 
anti-selfdual, i.e. 

*®IJab = -i^IJab ®IJab = $IJ + ab- (D.5) 

As we are going to see, this matrix of 2-forms can be expressed entirely in terms of the 
scalar and vector bilinears. 

It is straightforward to derive identities for the products of these bilinears using the Fierz 
identity Eq. (IC.8I) . First, the products of scalars: 

M LJ M KL = \M IL M KJ -\<$> IL -<$> KJ , (D.6) 

M U M KL = -\V L i-V K j. (D.7) 
From Eq. (|D.6I) immediately follows 

M I{J M KL] = , (D.8) 

which is a Pliicker identity and implies that rank(M/j) < 2. 
We can define the SU(iV)-dual of M u 

- 1 £ i i- i n-2KL Mkl ^ £ i-n = £i n = +1 ^ (D 9) 
in terms of which we can express Eq. (ID.8I) as 

M IJv ,.j N _ 3 M IK = 0. (D.10) 
From Eq. (ID.7I) and the antisymmetry of M immediately follows 

V\ ■ V K j = -V'j ■ V K L = -V K L ■ V 1 j , (D.ll) 
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which implies that all the vector bilinears V 1 j a are null: 

V I j-V I J = (no sum!), (D.12) 

On the other hand, from Eqs. (ID. Ill) and (ID.7I) it follows that the real, SU(iV) -invariant combi- 
nation of vectors V a = V 1 j a is always non-spacelike: 

V 2 = -V 1 j ■ = 2M IJ M U > . (D.13) 
The products of M with the other bilinears^ give 



MjjV K La = \M IL V K Ja + \^ ILba V K j\ (D.14) 
M u ® KL a b = V L I[a \V K j\ b] -{e ab cd V L Ic V K Jd . (D.15) 



Now, let us consider the product of two arbitrary vectoro 

V'jaV 1 "^ = \e ah cd V I Lc V K Jd + ^ w y K j|6) - iQa^L ■ V K j . (D.16) 
For V 2 this identity allows us to write the metric in the form 

g ab = 2V- 2 [V a V b - V'jaV'j,] . (D.17) 
Following Tod [6J, for V 2 ^ we introduce 

J'j - 2M [ K M f K = ' |M|2 " mLMMlm = ^ ■ (D - 18) 

Using Eq. (ID.6I) we can show that it is a Hermitean projector whose trace equals 2: 

J'jJ'k = J*k , J 1 ! = +2 . (D.19) 
Further, using the general Fierz identity we find 

J'je j = e 1 , ejj'j = ej , (D.20) 

which should be understood for N > 2 of the fact that the e 1 are not linearly independent As a 
consequence of the above identity, the contraction of J with any of the bilinears is the identity. 
Using this result and Eq. (ID.15I) . we find 

2M IK Mjj JL _2M IK L 9 MlK fCd yL v m2n 

ab ~ — \m\ 2 — ab ~ ImF I[a b] ~ WW ab Ic d ' ( } 

Other useful identities are 



3I We omit the product Mjj^KLab which will not be used. 

32 The product V 1 j oYl k b gives a different identity that will not be used 

33 For N = 2 we automatically have J 1 j = S 1 j 
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and 

J I j = S I j-J I J , (D.23) 

where 



~, (N — 2)M IKi ''' Kn -' 3 Mj Ki ... k ~ ]9 ~ T T ~ (N-2)\, „ 

= ^ ^ -~- ■l^Jl^l ? | M |2 = M 1 n - 2 Mi v ..i n _ 2 = 1 - ; |M| 2 , 

|M| 2 ^ 

(D.24) 

is the complementary projector. 

We can always use the 1-form V = V^dx^ to construct the th component of a Vielbein basis 

{e a } 



( ^■~\M\- 1 V. (D.25) 



-° — J_ 

V2' 



Let us define the three 1 -forms 

V m =\M\e m , m = 1,2,3, \/ mM \/% = -|M| 2 <5 mn , (D.26) 
and the spacetime-dependent Hermitean matrices 

(0 ; j = -V2r^ Jff) (D.27) 
so we can decompose the 1-forms V 1 j = V 1 j^dx^ as 

V'j = \J*jV + ^(a m YjV m , (D.28) 

and 

V'ja = j^\M\ [Sa'j'j + 5 a m {a m yj] . (D.29) 

While this decomposition is unique, the matrices a m are defined only up to local SO (3) rotations 
of the V m . 

The properties satisfied by the 1-forms V 1 j can be used to prove the following properties for 
the a x matrices: 
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Ja m = a m J = a m^ (D31) 

(O 7 / = 0, (D.32) 

J K jJ L i = \J K iJ L j + \{o m ) K i{° m ) L J, (D-33) 

M K[I (cr m ) K J] = 0, (D.34) 

2\M\- 2 M LI (a m YjM JK = (a m ) K L , (D.35) 

\M\- 2 M IJ M KL = -I^VKY'l], (D.36) 

(a^Yj(a^) K L = - 1 2 e mnp [J I L^ p ) K J-^ P ) I LJ K j]- (D.37) 

That is: they, together with J", generate a u(2) subalgebra of u(N) in the eigenspace of J of 
eigenvalue +1 and provide a basis in the space of Hermitean matrices satisfying J A J = A: the 
last of the above properties is a completeness relation in that subspace since it implies that 

A L j = JL^kJXj = |Tr (AJ) J L j + ^Tr \^Aa m ] (<j m ) L j . (D.38) 



V2 J 



Then, if A is an iV x iV Hermitean matrix such that Tr (AJ) = Tr (Aa x ) = , \/ x=1>2 , 3 , it 
satisfies J AJ = and it can be written in the form 

A = (1 - J)AJ + JA(1 -J) + (l- J)A(1 - J) . (D.39) 

It is not clear when a combination of global U(iV) and local SO (3) transformations is enough 
to render the matrices a x constant; however, whenever it is possible, then the projector J will 
also be constant. Needless to say, in the iV = 2 case it is always possible. 

E Connection and curvature of the conforma-stationary met- 
ric 

A conforma-stationary metric has the general form 

ds 2 = \M\ 2 (dt + oj) 2 - \M\~ 2 -f mL dx m dx n , m,n = 1,2, 3, (E.l) 
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where all components of the metric are independent of the time coordinate t. Choosing the 
Vielbein basis 

/ \M\ \M\w m \ ( \M\~ l -\M\u m \ 

(e%) = , (e"«) = , (E.2) 

V \M\- l v^ j \ \M\v m * J 

where 

7mn Vrn'Vr^ 5pq , V m —V p V n , UJ m V m ~UJn , (E.3) 

we find that the spin connection components are 



H)0m ~~ —d m \M\, UOmn ~ ^\M\ 3 f mn , 

^rrtOn = Womn, ^>mnp = ~ \ M\ W mnp — 2S m [ n d p ] \ M\ , 

where w m np is the 3-dimensional spin connection and 



(E.4) 



dm — V m On , ] ran V m —V n —f pq , fmn — 2(9[ m CU ra | . (E.5) 

The components of the Riemann tensor are 

Romon = lV m d n \M\ 2 + djM\d n \M\-6Ud\M\) 2 + lVm\Mff m J np , 

Romnp = -|V m (|M| 4 / np ) + \ fm[ n d p ]\M\ A - \8 m [ n fp]ld q \M\ A , 

R mnpq = -\M\ 2 R mnpq + \\M\\f mn f pq - f p[m f n]q ) - 25 mnm {d\M\f + A\M\5 [m ^V n] d^\M\ , 

(E.6) 

where all the objects in the right-hand sides of the equations are referred to the 3-dimensional 
spatial metric 7 and the 3-dimensional spin connection zu. The components of the Ricci tensor 
are 

R Q0 = -|M| 2 V 2 log|M|-i|M| 6 / 2 , 

Rom = |V n (|M| 4 / rem ), (E.7) 
R mn = |M| 2 {iC„ + 2,9 m log|M|«9 ri log|M| - <5 mn V 2 log |M| - \\M\" f mp f np \ , 
and the Ricci scalar is 

R = -\M\ 2 {R - \\M\ 4 f - 2V 2 log \M\ + 2(9 log |M|) 2 } , (E.8) 
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